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|
The Pillai equation

o Consider integers a > 1, b> 1 and ¢ # 0.
@ The associated Pillai equation is the Diophantine equation a¥ — b = c.
o Theorem (G. Pélya, 1918):

the Pillai equation has only finitely many solutions on the positive integers.

Let D(a, b) = {(x,y) € Q% : 3k € Z a* — b = (ab+ 1)k}

X — b
Note that D(a, b) = y)eQ2, T—— ¢z,
@ Note tha (a ) {(xy) @20 ab + 1 }
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The Pillai equation
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o Conjecture (2023): D(a, b) is the first quadrant of some shifted point-lattice.
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Covers

ax+ b
ab+1

o Let C(a,b) = {(x,y) €Q,: € Z} (the cover of a and b).

o Conjecture (2022): C(a, b) is also the first quadrant of some shifted point-lattice.

o Theorem (R. Schoof, pers. comm., 2023):

C(a, b) is an infinite set (in particular, it is not empty).
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Towards a general statement

@ We can consider further generalizations:

22X 43V 457
2.3.5+1

for example, a subset of {(x,y,z) €Q3,: € Z} looks as follows.
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Towards a general statement

o Consider a point A of Z".

o Problem (2023): when does a set of the form

R AT ARz L AR .
z0- AtAs. . An£1 '

where the ‘£’ signs are independent,

equal the first orthant of some shifted point-lattice?
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Application: Fermat numbers

o Now, consider also integers f > 1, m > 1 and n > 2; and let a(n) = 2"~1/(n + 2).

o The n-th Fermat number is 22" + 1.

_ n f—1
o Theorem (E. Lucas, 1878): If f divides 22" + 1, then oni2 € Z.

Theorem (M. Baaz, 1999):

if m2nt2 41 = m? 4 22"-2r(1+2) | for some integer r < [a(n)],
then m2™+2 4+ 1 divides 22" 4 1.

o For example, if m = n =5, then, by setting r = 2,

5.274+1=5%+2% 2=|a5)] and 5-27 +1 | 22° + 1.
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Application: Fermat numbers

o Theorem (2022) (geometric characterization of the factors of Fermat numbers):

m272 4 1 divides 22" 4 1 if and only if
([T 2] 2005 ), ctmers

o For example, Q2 N ({ ] } +<{ - ][ - DZ) C c(5,27).

5)0 07)32/7 22% |
In particular, (0,32/7) € C(5,27); i.e. ( )5 +2§ +)1 =5 2_;:_ 1 €z
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Additional result: generalized Fermat numbers

o Consider, in addition, integers g > 1 and j > 0.
@ Recall that v»> denotes the dyadic valuation.

The n-th generalized Fermat number, with respect to g, is g2" + 1.

o Theorem (with J. Wang, 2022):

on—va(n+2)

on+2

n f—1\%1!
if f divides 22" + 1, then f also divides << ) > + 1.

o For example, 527 4+ 1 divides both 22° 4 1 and (521'*1)25 + 1.
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